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Abstract. The anisotropic antiferromagnetic Ising model on the fractal Sierpin´ski gasket is intensively studied, and a
number of exotic properties are disclosed. The ground state phase diagram in the plane of magnetic field-interaction
of the system is obtained. The thermodynamic properties of the three plateau phases are probed by exploring the
temperature-dependence of magnetization, specific heat, susceptibility and spin-spin correlations. No phase transitions
are observed in this model. In the absence of a magnetic field, the unusual temperature dependence of the spin correla-
tion length is obtained with 0 ≤Jb/Ja < 1, and an interesting crossover behavior between different phases at Jb/Ja = 1
is unveiled, whose dynamics can be described by the Jb/Ja-dependence of the specific heat, susceptibility and spin
correlation functions. The exotic spin-spin correlation patterns that share the same special rotational symmetry as that
of the Sierpin´ski gasket are obtained in both the 1/3 plateau disordered phase and the 5/9 plateau partially ordered
ferrimagnetic phase. Moreover, a quantum scheme is formulated to study the thermodynamics of the fractal Sierpin´ski
gasket with Heisenberg interactions. We find that the unusual temperature dependence of the correlation length remains
intact in a small quantum fluctuation.
PACS. 05.70.Fh – 75.10.Hk – 05.65.+b – 64.60.al
1 Introduction
The classical models like Ising or Potts [1] models often exhibit
intriguing properties, especially when there exists geometrical
frustration [2] that may cause extensive ground-state degener-
acy and nonzero residual entropy of the system at zero tempera-
ture [3]. There are many interesting phenomena in these models
that have been discovered but not yet been totally understood,
for instance, the essence of the partial order [4] or the crossover
between exotic phases, etc. Extensive works have been done
on the Ising models in two- and three dimensions, such as the
Ising models on the checkerboard lattice [4] and kagome´ lattice
[5], as well as the Potts model on some irregular lattices [6,
7], where the systems possess translational invariance. There
were some early works on the Ising model on fractal lattices
[8,9,10,11,12,13,14,15], which show the properties quite dif-
ferent from the models on one-, two- and three-dimensional lat-
tices with translational invariance even with the simplest cou-
plings. Recent reported on a new class of highly frustrated two-
dimensional magnetic materials Cu9X2(cpa)6 · xH2O(cpa=2-
carboxypentonic acid, a derivative of ascorbic acid; X=F, Cl,
Br) [16,17,18,19,20,21] stimulate study of the spin-Heisenberg
model on triangulated kagome lattice(TKL) [22,23,24,25,26,
27,28]. The TKL is actually an example of two-dimensional
triangles-in-triangles (TIT) lattices [29,30,31], which gener-
a Email: gsu@ucas.ac.cn
ally consist of smaller triangular entities embedded in either
some or all triangular cells of 2D triangle-based lattices. Lat-
est study on spin- 12 Ising-Heisenberg model on two closely
related TIT lattices reveal a profound relation between local
quantum fluctions with overall magnetic behavior of this mix-
ture classical-quantum spin model [29] and shed light the role
of classical-quantum spin model on research the ground state of
quantum Heisenberg model [30]. But for the Ising models on
fractals, comprehensive studies on, e.g. spin-spin correlations
where there is no translational invariance, are still needed and,
the questions, such as how to describe the crossover behaviors
in fractals, are yet to be explored.
The Sierpin´ski Ising model is so defined that the Ising spin
is settled on each of vertices of the Sierpin´ski graph. The Haus-
dorff dimension DH of an Sierpin´ski graph satisfies DH = log(
DE + 1)/ log(2), which is not an integer, where DE is its Eu-
clidean dimension. Unlike other lattices such as square or kagome´
lattices, a Sierpin´ski graph has no translational symmetries, but
bears some special geometrical properties that can be seen from
its recursive construction procedure. The DE = 2 Sierpin´ski
graph, which is also named Sierpin´ski gasket (SG), is shown
schematically in Fig. 1 (a).
Some properties of the Ising model on Sierpin´ski graphs
were noted. For example, the order of ramification on a SG is
“marginal” [10], and by locating the fixed point of renormal-
ization group (RG) equations, it was confirmed that there is no
phase transition at any finite temperature [32]. With the nearest
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neighbor ferromagnetic couplings, the correlation length ξ in-
creases extremely fast with the inverse temperature β = 1/T as
[10]
ξ ∝ exp[ ln 2
4
exp(4Jβ)], (1)
where J is a positive constant (ferromagnetic coupling) and
Boltzmann constant is taken as kB = 1. This unusual relation
indicates that the correlation length ξ is finite at any finite tem-
perature. Since ξ increases so fast with β, upon lowering tem-
perature, the correlation length ξ can be larger than the size of
any finite system, resulting in a long range order.
In this paper, the anisotropic antiferromagnetic Ising model
on the SG is studied systematically in the thermodynamic limit.
The ground state phase diagram in the plane of magnetic field
(h)-interaction (Jb) is obtained, where three nontrivial phases,
including the 1/3 magnetization plateau ordered and disordered
phases, and the 5/9 plateau partially ordered ferrimagnetic phase,
as well as five boundaries and two intersection points are iden-
tified. The 1/3 plateau disordered phase and the 5/9 plateau
partially ordered ferrimagnetic phase are found to have exten-
sive degeneracy. The thermodynamic properties of the system,
including the temperature dependence of the uniform and sub-
set magnetization, susceptibility, specific heat and spin corre-
lation functions, are calculated. Some interesting results due
to special geometrical properties like the fractional dimension-
ality and the absence of symmetries on usual periodic lattices
are discovered. The nonexistence of the phase transition is tes-
tified. For h = 0, the unusual relation between the correla-
tion length and temperature is obtained for 0 ≤Jb/Ja < 1,
and a nontrivial crossover behavior between different phases
at Jb/Ja = 1 is disclosed, whose dynamics can be described
by the Jb/Ja-dependence of the specific heat, susceptibility and
the spin correlation functions. Exotic spin-spin correlation pat-
terns that have the same special rotational symmetry as that
of the SG are observed in the 1/3 plateau disordered phase.
Moreover, we propose a scheme to study the thermodynamics
of Sierpin´ski gasket with quantum interactions, and discover
that the unusual relation of correlation length remains intact in
a small quantum fluctuation.
This paper is organized as follows. In Sec. II, we introduce
the anisotropic SG Ising model and give the exact formula-
tion of the free energy. In Sec. III, the zero temperature phase
diagram is identified by calculating the ground state uniform
magnetization and residual entropy [33]. In Sec. IV, the tem-
perature dependence of thermodynamic quantities, including
the uniform and subset magnetization, susceptibility and spe-
cific heat, are studied. In Sec. V, the exotic spin-spin correlation
functions of the three nontrivial plateau phases are disclosed. In
Sec. VI, we generalize the scheme to study the thermodynam-
ics of quantum models on the fractal Sierpin´ski gasket. Finally,
a summary is given.
2 Free energy of anisotropic Ising model on
Sierpin´ski gasket
Let us begin with discussing the exact formulation of free en-
ergy of the anisotropic antiferromagnetic Ising model on the
SG with DE = 2. The Hamiltonian reads
H({s}) =
∑
〈i j〉
−Ji jsis j − h(si + s j)/4, (2)
where 〈i j〉 means the spins at vertices i and j that are nearest
neighbors on the SG, each spin si takes values of ±1/2, h is
the magnetic field and Ji j is the negative coupling constant.
The couplings are indicated in Fig. 1 (a), where we presume
Ji j = Ja for the blue bonds and Ji j = Jb for the red bonds.
We denote the SG that contains N(t) = (3 + 3t)/2 spins as ∆(t)
and its density matrix as ρ(t)({s}) = exp[−βH({s})], where t is
the renormalization step. Then, the partition function Z can be
expressed as Z(t) = ∑{s} ρ(t)({s}).
We begin with ρ(2), which is the density matrix of the model
with only six Ising spins in ∆(2) [Fig. 1 (b)] as
ρ(2) = exp{−β
∑
〈i j〉∈∆(2)
[−Ji jsi s j − h(si + s j)/4]}. (3)
The density matrix ρ(2) for ∆(2) can be represented by
ρ(2)s1 s2 s3 s4 s5 s6 = exp{−β[−Ja{s1 s4 + s1 s6 + s4 s2 + s2 s5+
s5 s3 + s3 s6} − Jb{s4s5 + s5s6 + s6s4} − h(s1 + s2 + s3)/2−
h(s4 + s5 + s6)]}.
(4)
Now, we introduce the “corner density matrix” f (t) by summing
over the degrees of freedom of ρ(t) except for the spins at the
three vertices of the largest triangle in the ∆(t). For example,
we have f (2)s1 s2 s3 =
∑
s4 s5 s6 ρ
(2)
s1 s2 s3 s4 s5 s6 , where s1, s2 and s3 are the
three spins at the three vertices of the largest triangle in the ∆(2).
The recursive relation of the real space renormalization of the
corner density matrix can be given by decimating the degrees
of freedom inside ∆(t) [Fig. 1 (b)] as
f (t)sa sb sc =
∑
s′a s
′
b s
′
c
f (t−1)
sa s
′
a s
′
c
f (t−1)
s′a sb s
′
b
f (t−1)
s′c s
′
b sc
( f (t−1)1,1,1 )−3, (5)
where sa, sb and sc denote the spins at the corner of the largest
triangle in ∆(t). As a matter of fact, Eq. (5) can be considered
as tensor contractions. This real space renormalization method
is equivalent to a tensor renormalization group approach [34]
on a fractal lattice. The factor ( f (t−1)1,1,1 )−3 is introduced to avoid
divergence.
The partition function of the Ising model on ∆(t) with N(t) =
(3 + 3t)/2 spins becomes
Z(t) = k
∑
sa sb sc
f (t)sa sb sc , (6)
with k = ∏t−1τ=2( f (τ)1,1,1)3
t−τ
. So, the free energy per site F (t) can
be obtained by
F (t) = −
ln Z(t)
N(t)β
= −
3t
N(t)β
[
t−1∑
τ=2
(3−τ ln f (τ)1,1,1)+
3−t ln(
∑
sa sb sc
f (t)sa sb sc)].
(7)
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Fig. 1. (Color online) (a) Schematic depiction of Sierpin´ski gasket
with the Euclidean dimension DE = 2 and the renormalization time
t = 3, where two kinds of couplings, Ja (blue) and Jb (red) are shown.
(b) The real space renormalization of the SG Ising model. Each time
after summing over the degrees of freedom inside the triangle (in the
dash circle), the new triangle is obtained and used to construct the SG
of trebled size in the next renormalization step.
When t ≫ 1, one can take 3t/N(t) ≃ 2, and 3−t ln(∑sa sb sc f (t)sa sb sc) ≃
0 because ln(∑sa sb sc f (t)sa sb sc ) is finite.
The thermodynamic quantities such as the energy per site,
specific heat, entropy, uniform magnetization and susceptibility
can be calculated through the differentiation of the free energy
given in Eq.(7).
Moreover, the magnetization of the single spin 〈sa〉 and the
spin-spin correlation function 〈sa sb〉, defined by
〈sa〉 =
∑
{s}
{exp[−βE({s})]sa}/Z, (8)
〈sa sb〉 =
∑
{s}
{exp[−βE({s})]sasb}/Z, (9)
can be obtained by performing the calculations similar to Eq.
(5). We take 〈s1〉 as an example. Considering that the only dif-
ference between the equations for Z and 〈s1〉 is the contrac-
tion that involves s1, we can introduce the impurity as ˜f (2)s1 s2 s3 =
f (2)s1 s2 s3 (s1 − 3/2), and then, its renormalization can be written as
˜f (t+1)sa sb sc =
∑
s′a s
′
b s
′
c
˜f (t)
sa s
′
a s
′
c
f (t)
s′a sb s
′
b
f (t)
s′c s
′
b sc
( f (t)1,1,1)−3, (10)
where each f (t) satisfies Eq. (5). Compared with Eq. (5), one
of the three f (t)’s in Eq. (10) is replaced by the impurity, and
which tensor should be replaced depends on the position of S 1
in the SG. In the end we have 〈s1〉 =
∑
sa sb sc
˜f (t)sa sb sc/
∑
sd sg sh f (t)sd sg sh .
The calculation of 〈sa sb〉 is similar. It should be mentioned that
the whole formulation above can be readily extended to the N-
state Potts model [1,7].
The above formulation can be further simplified in the ab-
sence of a magnetic field (h = 0), and the fixed point of the
renormalization can be discussed. Under this circumstance, each
tensor f (t) only contains two inequivalent components denoted
as x(t) = f (t)1,1,1 = f (t)2,2,2 and y(t) = f (t)2,1,1 = f (t)1,2,1 = f (t)1,1,2 = f (t)2,2,1 =
f (t)2,1,2 = f (t)1,2,2. According to Eq. (5), we can readily get the re-
cursive relation for z(t) = y(t)/x(t) as [35]
z(t+1) =
3[z(t)]3 + 4[z(t)]2 + z(t)
4[z(t)]3 + 3[z(t)]2 + 1 , (11)
with z(1) = f (1)1,1,2/ f (1)1,1,1. Consequently, the free energy becomes
F (t) = −2{
t−1∑
τ=2
[3−τ ln(4[z(τ)]3 + 3[z(τ)]2 + 1)]+
3−1 ln f (2)1,1,1 + 3−t ln 8}/β.
(12)
Eq. (11) has two fixed points: z = 0 (unstable) and z = 1 (sta-
ble). By considering that f (t)sa sb sc represents the probability dis-
tribution of an effective Ising model of the three spins, one can
see that z = 0 implies the effective temperature T e f f = 0 (in-
finite inverse temperature), and z = 1 implies T = ∞ when all
configurations of spins share the same probability, indicating
that no phase transition happens at any finite temperature. This
is consistent with the previous result in e.g. [32].
3 Phase diagram at zero temperature
By calculating the residual entropy S 0 and the uniform mag-
netization M in a magnetic field h at sufficiently large inverse
temperature [36], we have found four phases that are marked
by A1, A2, A3 and A4 (Fig. 2). For 0 ≤ h < 2 and 0 ≤ |Jb| < 1
(we take Ja = −1 as energy scale and Jb < 0 for the anti-
ferromagnetic coupling), the system is in the A1 phase, where
the residual entropy S 0 = 0 and the uniform magnetization
M = 1/6. After grouping the spins into four subsets denoted
as P1, P2, P3 and P4 [Fig. 4 (a)], we calculated the zero tem-
perature subset magnetization and obtained M1,3 = −1/2 and
M2,4 = 1/2 with Mi (i = 1, 2, 3, 4) the subset magnetization of
Pi. It can be seen that the system is in the ferrimagnetic order,
where 2/3 of the spins that point up and belong to P2 and P4
subsets, and 1/3 of them that point down and belong to P1 and
P3 subsets, resulting in a 1/3 magnetization plateau phase.
Keeping 0 < h < 2 and increasing the coupling from |Jb| <
1 to |Jb| > 1, we observed that the system enters into the A2
phase (e.g. |Jb| = 1.2, h = 1) with the same magnetization
M = 1/6, but the residual entropy is nonzero, S 0 = 0.0257,
showing that this phase is in a disordered state with exten-
sive ground state degeneracy. The spin configurations of ele-
mentary cell of the macroscopically degenerate 13 -plateau state
A2 shows in Fig. 3. The subset magnetization in A2 phase is
M1,4 = 0 and M2,3 = 1/4, which is totally different from those
in A1 phase. It can be seen that the residual entropy in A2 phase
is associated with all spins, so A2 phase is of a disordered 1/3
plateau phase. This fact indicates that by increasing |Jb|, the
ferrimagnetic order in A1 phase is “melted” in A2 phase by the
classical frustration whereas the uniform magnetization is un-
changed.
Noting that there are also exist 1/3 plateau in both the spin-
1
2 Ising-Heisenberg model and the pure quantum spin-
1
2 Heisien-
berg model on two closely related TIT lattices at zero temper-
ature in Ref.[30].We true believe that the triangles-in triangles
structure is responsible for the presence of plateau. This is il-
luminating to explore the effects of geometric frustration. For
h > 2 and |Jb| > h − 1, the system is in the A3 phase with
M = 5/18 and S 0 = (2 ln 3)/9, and the subset magnetization
satisfies M1,3 = 1/2 and M2,4 = 1/6. The spins belonging to
P1 and P3 are totally polarized, and only the spins belonging to
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P2 and P4 make contributions to the residual entropy. Thus, this
phase is a partially ordered 5/9 plateau ferrimagnetic phase.
For h > 2 and 0 ≤ |Jb| < h−1, the system is in the A4 phase
with M = 1/2 and S 0 = 0, which is nothing but a polarized
state.
For h = 0, when 0 ≤ |Jb| < 1 the system bears the ferrimag-
netic order with spontaneous magnetization M = 1/6, but on
the contrary, when |Jb| ≥ 1 [the boundary B1 in Fig. 2 (c)], we
found the subset magnetization becomes zero, which indicates
that |Jb| = 1 may be a crossover line. Such a crossover behavior
will be re-examined by studying the specific heat, susceptibil-
ity and spin-spin correlation functions in Secs. IV and V. In
addition, it appears that the magnetization in A2 phase cannot
appear spontaneously but can only be induced by a magnetic
field.
It should be point out that in our calculation, we find that
the boundaries of phases are continuous and there is no sin-
gularity at any finite temperatures. However, when we reduce
the temperature, we find that the magnetization approaches to a
step function,which implies a first-order transition driven either
by the external magnetic field or the interaction term |Jb|.
We also calculated the residual entropy S 0 at each of phase
boundaries [Fig. 2 (c)], and disclosed that S 0 are higher than
those of the surrounding phases. At boundary B1 with h = 0
and |Jb| > 1 which is the left boundary of A2 phase, we got
S 0(B1) = 0.4752; at boundary B2 between A1 and A2 phases
with 0 < h < 2 and |Jb| = 1, we found S 0(B2) = 0.0770;
at boundary B3 between A2 and A3 phases with h = 2 and
|Jb| > 1, we had S 0(B3) = 0.2738; at boundary B4 between
A3 and A4 phases with h = |Jb| + 1 and |Jb| > 1, we obtained
S 0(B4) = 0.3081; at boundary B5 between A1 and A4 phases
with h = 2 and 0 < |Jb| < 1, we arrived at S 0(B4) = 0.2311. In
particular, we observed that S 0 at the two intersection points of
the boundaries are larger than those at the related boundaries,
namely S 0(V1) = 0.4930 at the intersection point (V1) between
B1 and B2, and S 0(V2) = 0.3843 at the intersection point (V2)
between B2, B3, B4 and B5.
4 Thermodynamic Properties
In this section, we shall study the temperature dependence of
the thermodynamic quantities including the uniform and subset
magnetization, specific heat, susceptibility, where the nonexis-
tence of phase transitions is testified, and the thermodynamic
properties of the system will be explored.
Let us first look at the uniform magnetization [Fig. 4 (b)]
and subset magnetization [the inset of Fig. 4 (b)] versus T in
A1 phase by taking |Jb| = 0.9 and h = 0. One may see that a
1/3 magnetization plateau appears at low temperature, and the
magnetization becomes zero smoothly from nonzero at around
T = 0.02, which indicates that the system is crossing from the
low-temperature ferrimagnetic phase to the high temperature
disordered paramagnetic phase.
The uniform and subset magnetization in A2 and A3 phases
[Fig. 5] also have the similar behaviors, showing that the sys-
tem is crossing into the high-temperature phases. In A2 phase,
the spins belonging to P1 and P4 exhibit similar behaviors, where
the subset magnetization first rises from zero to its maximum
at about T = 0.25 and then decreases to zero with increasing T ,
|J |b
|J
|
b
|J |b
Fig. 2. (Color online) (a) The residual entropy S 0 and (b) the uniform
magnetization per site M against magnetic field h and coupling |Jb|. (c)
The zero temperature phase diagram of the antiferromagnetic SG Ising
model. There are four phases, including A1 phase: the 1/3 magnetiza-
tion plateau phase with ferrimagnetic order and S 0 = 0; A2 phase: the
1/3 plateau disordered phase with S 0 = 0.0257; A3: the 5/9 plateau
partially ordered ferrimagnetic phase with S 0 = 2/9 ln 3 = 0.2441;
and A4 phase: the polarized phase. The residual entropy at the phase
boundaries: S 0(B1) = 0.4752, S 0(B2) = 0.0770, S 0(B3) = 0.2738,
S 0(B4) = 0.3081, and S 0(B5) = 0.2311; and at the two intersection
points S 0(V1) = 0.4930, and S 0(V2) = 0.3843. Here we take β = 200.
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s
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6
s
4
Fig. 3. (Color online) The spin configurations of elementary cell of
the macroscopically degenerate 13 -plateau state A2.
Fig. 4. (Color online) (a) The spins are divided into four subsets de-
noted as P1, P2, P3 and P4. (b) The T -dependence of the uniform mag-
netization per site at h = 0 and |Jb| = 0.9, where a 1/3 magnetization
plateau appears at low temperatures. The inset shows the subset mag-
netization against T .
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Fig. 5. (Color online) The T -dependence of (a) the uniform magneti-
zation and (b) the subset magnetization in A2 (h = 1) and A3 (h = 2.1)
phases. Here we take |Jb| = 1.2.
while the spins at P2 and P3 sites behave similarly, where the
1/4 saturation magnetization decreases to zero with increasing
T . In A3 phase, the situation is somehow different, where the
spins at P1 and P3 sites are gradually decreases from polarized
to zero , and the subset magnetization of P2 and P4 first con-
verges to 1/6 and then reaches the maximum as T increases.
Fig. 6 shows the specific heat C and the susceptibility χ ver-
sus T in three nontrivial A1, A2 and A3 phases. It indicates that
the system enters the high-temperature phases through crossover
instead of phase transitions (even though the peak in A1 phase
is relatively shaper, it is still round and continuous). One may
notice that the temperature at which the peak of susceptibility
appears is slightly higher than that of the peak of specific heat,
where the fluctuation of energy reaches the maximum.
In Sec. III, we have identified |Jb| = 1 as a crossover line
for h = 0. Here, we studied this crossover behavior by calculat-
ing the specific heat C and susceptibility χ for different |Jb|, as
shown in Fig. 7. For |Jb| > 1 (including the point |Jb| = 1), there
is only one peak of C at high temperature T ≃ 0.45 which is
independent of |Jb|. With gradually decreasing |Jb| to |Jb| < 1,
another peak moves from the low-temperature side to the high-
temperature side, while the position of the high-temperature
peak remains unchanged. This double-peak structure indicates
a mixture of two kinds of excitations corresponding to the two
0 1 2 3 4 5
0.0
0.2
0.4
0.6
0.8
0 1 2 3 4 5
0.0
0.1
0.2
0.3
C
T
 A1(|Jb|=0.5,h=0.2)
 A2(|Jb|=1.2,h=1)
 A3(|Jb|=2,h=2.5)
(a)
(b)
 A1(|Jb|=0.5,h=0.2)
 A2(|Jb|=1.2,h=1)
 A3(|Jb|=2,h=2.5)
T
Fig. 6. (Color online) The T -dependence of (a) the specific heat C and
(b) the susceptibility χ at |Jb| = 0.5 and h = 0.2 in A1 phase, |Jb| = 1.2
and h = 1 in A2 phase, and |Jb| = 2 and h = 2.5 in A3 phase.
phases. For |Jb| smaller than 0.5, the two peaks merge into one,
and the low-temperature peak stands dominant. For the suscep-
tibility χ, there is only one peak, whose position moves to in-
finitesimal as |Jb| → 1. This peak, although it looks apparently
divergent, is still finite and broad. Meanwhile, as shown in Fig.
7 (b), the relation between χ and β becomes more and more
linear as |Jb| → 1. When |Jb| ≥ 1, χ bears a linear relation with
β. In the following section, we will show for different |Jb|, the
positions of both the low-temperature peaks of the specific heat
and the susceptibility locate within the finite correlated region.
5 Exotic spin-spin correlations
Now we study the spin-spin correlation function ζ = 〈sa sb〉
[Eq. (9)] in the three non-trivial phases. The A1 phase is man-
ifested to be with a Ferrimagnetic order, and at h = 0 it has
an unusual long range correlation (ULRC) which is similar to
the behavior characterized by Eq. (9) and the long range cor-
relation is in the usual sense in the presence of h. We also
discovered that the ULRC corresponds to an intermediate re-
gion which separates the |Jb| − β diagram into two regions,
the fully correlated region with the correlation length ξ = ∞
and the non-correlated region with ξ < 2. In the ULRC re-
6 Please give a shorter version with: \authorrunning and \titlerunning prior to \maketitle
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Fig. 7. (Color online) The T -dependence of (a) the specific heat C and
(b) susceptibility χ at h = 0 for different |Jb|. In (a), the specific heat
has two peaks, where the position of high-temperature peak is inde-
pendent of |Jb|, while the position of the low-temperature peak, which
lies in the finitely correlated region shown in Fig. 9, moves to infinites-
imal T as |Jb| → 1. In (b), there is only one peak for the susceptibility,
whose position also approaches infinitesimal as |Jb| → 1. It can be
seen in the inset of (b) that χ gradually becomes proportional to β = 1T
as |Jb| → 1 (|Jb| = 0.98, 0.99). When |Jb| ≥ 1, χ bears a linear relation
with β = 1T .
gion where the system is finitely correlated, ξ increases “super-
exponentially” with β until the system enters into the fully cor-
related region. When |Jb| → 1, β0 and β1, the upper and lower
boundaries of the ULRC region, both approach infinite, and so
consequently, the system can only stay in the non-correlated
region at finite temperature for |Jb| ≥ 1.
The correlations in the A2 and A3 phases are more compli-
cated, where exotic correlation patterns that have same special
rotation symmetry as that of the SG are disclosed below. The
A4 phase is a fully polarized phase and will not be discussed
here.
5.1 Unusual long range correlation for 0 ≤ |Jb| < 1 and
h = 0
The spin-spin correlation functions ζ versus β for 0 ≤ |Jb| < 1
and h = 0 for different distances L between two spins are stud-
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Fig. 8. (Color online) (a) The β-dependence of the correlation func-
tion ζ for different distances L at |Jb| = 0.9. (b) The β-dependence of
K = ln[4 ln ξ/ ln 2]/4 as well as their linear fittings. The regression
coefficient of each fitting is larger than 0.999.
ied. Fig. 8 (a) shows the results at |Jb| = 0.9. By defining the
distance where the system bears the correlation ζ = 1/(4e) as
the correlation length ξ, we determine the β-dependence of ξ.
We discovered that in this ferrimagnetic phase for β smaller
than a certain value denoted as β1, the correlation length shares
the similar unusual form as Eq. (9), where ξ increases extremely
fast when β increases. We show the high linearity of the rela-
tion between β and K = ln(4 ln ξ/ ln 2), i.e. K = k1β + k2 [Fig.
8 (b)], which gives rise to the temperature dependence of the
correlation length having the simple form of
ξ = exp[ ln 2
4
c2 exp(c1β)], (13)
where the coefficients c1 and c2 are determined by c1 = k1 and
c2 = e
k2
. The values of k1 and k2 for several |Jb|’s are shown
in Table 1 for useful information. Also, it should be noted that
the regression coefficient R2 of each linear fitting is larger than
0.999. The correlation function is independent of the distance
L in the presence of h.
Also, by locating the inverse temperature β0 where the cor-
relation length is ξ = 2, we can find where the system be-
gins to be correlated. Fig. 9 shows the |Jb|-dependence of β0
and β1, where the whole β-|Jb| region is separated into three
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Table 1. The coefficients k1 and k2 for different |Jb|
|Jb| 0 0.2 0.5 0.9
k1 0.8547 0.6907 0.4206 0.0835
k2 -0.375 -0.2462 -0.054 -0.0251
R2 0.9995 0.9994 0.9996 0.9995
Fig. 9. (Color online) The |Jb|-dependence of β0 and β1 which separate
the diagram into three subregions. In the subregion beyond the β1 line,
the system is fully correlated with the correlation length ξ = ∞; in the
subregion below the β0 line, the system is non-correlated with ξ < 2;
and in the subregion between the two lines where the system is finitely
correlated, the correlation length ξ obeys Eq. (13) in which ξ increases
“super-exponentially” with β.
subregions. In the subregion beyond the β1 line, the system is
fully correlated with ξ = ∞; in the subregion below the β0
line, the system is non-correlated with ξ < 2; in the subregion
between two lines where the system is finitely correlated, the
correlation length ξ obeys Eq. (13) in which ξ increases “super-
exponentially” with β.
From Fig. 9, the behavior of β0 and β1 when |Jb| → 0 as
well as |Jb| → 1 can be obtained. With |Jb| → 0, the two curves
manifest a linear relation with |Jb|. With |Jb| → 1 from the
|Jb| < 1 side, both β0 and β1 go divergent with the speed faster
than the exponential divergence. Such a behavior of β0 can pro-
vide a clear picture of what happens during the crossover at
|Jb| = 1 in the absence of a magnetic field. With |Jb| → 1,
the system needs a much lower temperature crossover to the
finitely correlated region. At |Jb| = 1, as β0 becomes infinite,
the system is forbidden to crossover to the finitely correlated
region at any finite temperature. Thus, |Jb| = 1 is a crossover
line. Meanwhile, this is coincident with the results of the low-
temperature peaks of C and χ shown in Fig. 7, which stand
within the finitely correlated region.
For |Jb| > 1 and h = 0 [the B1 boundary, Fig. 2 (c)], the
correlation functions ζ with L ≥ 2 is zero even at sufficiently
large β, which is coincident with previous results.
Fig. 10. (Color online) The spin-spin correlation 〈sa sb〉 in A2 phase
within two adjacent ∆(3)’s at sufficiently large β with (a) sa ∈ P1 and
sb ∈ P2, (b) sa, sb ∈ P2, (c) sa ∈ P2 and sb ∈ P3, (d) sa ∈ P2 and
sb ∈ P4, (e) sa, sb ∈ P3, (f) sa ∈ P3 and sb ∈ P4. The spin sa and sb
are connected by a yellow dot line with 〈sa sb〉 = 1/4, by a blue solid
line with 〈sa sb〉 = 1/8, by a purple dash line with 〈sa sb〉 = −1/8 and
unconnected with 〈sa sb〉 = 0.
5.2 Exotic correlation patterns in A2 and A3 phases
In this subsection, we discuss the spin-spin correlation func-
tions in other two nontrivial A2 and A3 phases with sufficiently
large β.
By introducing ζi j = 〈sa sb〉 with sa ∈ Pi and sb ∈ P j (i, j =
1, · · · , 4), we categorize the spin-spin correlations in A2 phase
into ten cases (ζ11, ζ12 = ζ21, ζ13 = ζ31, ζ14 = ζ41, ζ22, ζ23 = ζ32,
ζ24 = ζ42, ζ33, ζ34 = ζ43, ζ44) and discuss them separately in the
following.
(1) ζ11 = 0 for any choice of two spins that belong to the
subset P1.
(2) |ζ12| = 1/8 when sa ∈ P1 and sb ∈ P2 in the same ∆(3),
or ζ12 = 0 otherwise. See Fig. 10 (a).
(3) ζ13 = −1/8 when sa ∈ P1 and sb ∈ P3 in the same ∆(2),
ζ13 = 1/8 when sa and sb in two different but adjacent ∆(2)’s, or
ζ13 = 0 otherwise.
(4) ζ14 = 1/4 when sa ∈ P1 and sb ∈ P4 in the same ∆(2) or
ζ14 = 0 otherwise.
(5) It is shown in Fig. 10 (b) that ζ22 is equal to either 1/4
or 0 when sa, sb ∈ P2 are in the same ∆(3), and ζ22 is equal to
either 1/8 or 0 when sa and sb are in two different but adjacent
∆(3)’s. ζ22 = 1/16 for any choice of sa and sb that are in two
different ∆(3)’s which are not adjacent. Thus for the long dis-
tance, we have the correlation ζ22 = 1/16 which is induced by
the magnetic field.
(6) The pattern of ζ23 within one ∆(3) or two adjacent ∆(3)’s
is similar to that of ζ22 as shown in Fig. 10 (c). For the long
distance, we have ζ23 = 1/16 when sa and sb are in two non-
adjacent ∆(3)’s, which is the same as ζ22.
(7) As shown in Fig. 10 (d), |ζ24| is equal to either 1/8 or
0 when sa ∈ P2, sb ∈ P4 are in the same ∆(3) or in two dif-
ferent but adjacent ∆(3). ζ24 = 0 when sa and sb are in two
non-adjacent ∆(3)’s.
(8) ζ33 = 0 when sa, sb ∈ P3 are in the same ∆(3), and
ζ33 = 0 or 1/8 when sa and sb are in two adjacent ∆(3)’s, as
shown in Fig. 10 (e), and ζ33 = 1/16 when sa and sb are in two
non-adjacent ∆(3)’s.
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(9) The pattern of ζ34 within one ∆(3) or two adjacent ∆(3)’s
is similar to that of ζ24 as shown in Fig. 10 (f). For a longer
distance, ζ34 = 0, which is the same as ζ24.
(10) ζ44 = 1/4 only when sa, sb ∈ P4 are in two different
but adjacent ∆(2)’s and also in two different but adjacent ∆(3)’s,
or otherwise ζ44 = 0 (if sa and sb are in two different ∆(2)’s but
these two ∆(2)’s belong to the same ∆(3), ζ44 = 0).
In A3 phase, the spins belonging to the subset P1 and P3
are polarized, so any two spins sa and sb with sa, sb ∈ P1 ∪ P3
are maximally correlated with ζ = 1/4. We also calculated the
correlation associated with the spins in P2 and P4. The results
show that with sa ∈ P1∪P3 and sb ∈ P2∪P4 we have ζ = 1/12,
and with sa, sb ∈ P2 ∪ P4 we have ζ = −1/12 when sa, sb are
the nearest neighbors, and ζ = 1/36 when these two spins are
not the nearest neighbors.
Despite the complexity, the correlation patterns share a com-
mon feature: for any t, the pattern of the spin-spin correlations
of sa and sb that belong to the ∆(t) bears the symmetry as same
as ∆(t) in the SG. Specifically speaking, both the SG ∆(t) and the
corresponding correlation pattern are invariant under the rota-
tions with the angles θ = 0, 2pi/3, 4pi/3, 2pi around the center of
∆(t) as the rotating axis.
6 Generalization to quantum system
Below, we provide a TN-based scheme to study the finite tem-
perature properties of the fractal Sierpı´nski gasket with quan-
tum interactions and discuss if the super-exponential relation is
still retained with the presence of a small quantum fluctuation.
The quantum Hamiltonian reads
HQ = H + δ
∑
i j
(sxi sxj + syi syj), (14)
where the first term H is the Ising Hamiltonian along the z-
direction of the spins and the second term gives the nearest-
neighbor interactions that introduce quantum fluctuation. The
finite temperature density operator is written as
ρ(β) = e−βHQ = e−β
∑
i H
Q
∆i , (15)
with β the inverse temperature and HQ
∆i
the local quantum Hamil-
tonian of the ith triangle. Then we employ the Trotter-Suzuki
decomposition [37] as
ρ(β) = [ρ(τ)]K = (e−τ
∑
i H
Q
∆i )K = (
∏
i
e
−τHQ
∆i )K + O(τ), (16)
with τ a small quantity satisfying Kτ = β and O(τ) containing
higher-order small terms that originate from the commutation.
The density matrix ρ(τ) = e−τ
∑
i H
Q
∆i can be transformed into a
TN form as followed. Introduce the local imaginary time evo-
lution operator
U∆i = e
−τHQ
∆i =
∑
sa sb sc s
′
a s
′
b s
′
c
Usa sb sc s′a s′b s′c |sa sbsc〉〈s
′
a s
′
bs
′
c |, (17)
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Fig. 11. (Color online) (a) The local imaginary time evolution operator
Usa sb sc s′a s′b s′c can be written as the product of a third-order tensor T and
three identities I. (b) A fractal tensor product density operator can
be constructed by contracting T and three identities I. (c) By tracing
physical indexes, the partition function can be obtained by contracting
a fractal tensor network formed by T and ˜M, which can be handled
similarly as the one of the Ising model.
where Usa sb sc s′a s′b s′c is the coefficient matrix and |∗〉 (〈∗|) denotes
the bra (ket) basis of a spin. The coefficient matrix is identically
transformed into the product of a third-order tensor T and three
identities I [Fig. 11 (a)] as
Usa sb sc s′a s′b s′c =
∑
i1i2i3
Ti1i2i3 Ii1,sa s′a Ii2,sb s′b Ii3,sc s′c , (18)
Then ρ(τ) is represented by a fractal TN form dubbed as fractal
tensor product density operator (fTPDO) [39] which reads
ρ(τ) = Tr[
∏
i∈node
T (i)i1i2i3
∏
n∈bond
M(n)ini′n ss′] (19)
with Mi1 i2 ss′ =
∑
s′′ Ii1,ss′′ Ii2,s′′s′ and Tr meaning to trace all
shared indexes. With the TN representation of ρ(τ), the finite
temperature density matrix ρ(β) can be achieved by the imagi-
nary time evolution algorithm [38].
Now we consider a simpler case with |δ| ≪ 1, implying
that the quantum fluctuation terms can be treated as a per-
turbation. Then ρ(β) for any β can be straightforwardly writ-
ten in the fTPDO form by following exactly the same scheme
that is given above. After summing over physical indexes by
˜M(n)ini′n =
∑
s M
(n)
ini′n ss
[Fig. 11 (b)], the partition function Z(β) be-
comes the contraction of a fractal TN as
Z(β) = Tr[
∏
i∈node
T (i)i1i2i3
∏
n∈bond
˜M(n)ini′n ], (20)
which can be handled in the same way as the Ising case.
It is interesting to see whether the super-exponential rela-
tion that is observed in the Ising case will be destroyed by a
small quantum fluctuation. One can observe from Fig. 12 that
for different |Jb| and δ, the relation of Eq.(13) still holds, though
the correlation length is decreased by the quantum fluctuation
especially for |Jb| ≃ 1.
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Fig. 12. The β dependence of K = ln[4 ln(ξ)/ ln 2] with quantum fluc-
tuation. The regression coefficient of each linear fitting is larger than
0.999.
7 Summary
In summary, we have systematically studied the anisotropic
antiferromagnetic Ising model on the fractal Sierpin´ski gas-
ket where exotic properties due to both the classical frustra-
tion and the special geometry of the Sierpin´ski gasket are dis-
closed. The zero temperature phase diagram with four phases
is presented, and the thermodynamic properties of the three
nontrivial phases are explored by calculating the magnetiza-
tion, residual entropy, specific heat and magnetic susceptibil-
ity. The spin-spin correlations are also probed. For h = 0, the
thermodynamic crossover behavior with 0 ≤ |Jb| < 1 and the
zero-temperature crossover from 0 ≤ |Jb| < 1 to |Jb| > 1 are
both analyzed by studying the temperature dependence of the
correlation length. The exotic correlation patterns are disclosed
in the 1/3 magnetization plateau disordered phase and the 5/9
plateau partially ordered ferrimagnetic phase. Furthermore, we
generalized our scheme to study the fractal Sierpin´ski gasket
with Heisenberg interactions, with which we discover that the
super-exponential relation of the correlation length holds after
introducing a quantum fluctuation.
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